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ABSTRACT 

We construct gauged supergravity actions which describe the dynamics of 
M-theory on a Calabi-Yau threefold in the vicinity of a conifold transition. 
The actions explicitly include iV charged hypermultiplets descending from 
wrapped M2-branes which become massless at the conifold point. While the 
vector multiplet sector can be treated exactly, we approximate the hypermul- 
tiplet sector by the non-compact Wolf spaces X(l + N). The effective action 
is then uniquely determined by the charges of the wrapped M2-branes. 
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1 Introduction 



Conifold transitions are the most studied example of topology change in 
string theory. But when they first came into the focus of physicists working 
on Calabi-Yau compactifications |TJ, |3|, [| they posed a considerable prob- 
lem. The mathematics was well understood by that time. As explained in 
detail in [0, conifold transitions occur when a singular Calabi-Yau space (in 
the following: CY space) admits two different types of smoothings of its sin- 
gular points: by either replacing each singularity by a two-sphere (the small 
resolution) or by replacing it by a three-sphere (the deformation). 1 To make 
a conifold transition one tunes N — r Kahler moduli of a smooth CY space X 
with Hodge numbers (h 1 ' 1 , h 1,2 ) such that N two-spheres, N — r of which are 
independent in homology, shrink to zero volume. The resulting singular CY 
space X is then deformed into a new smooth CY space X by turning on r new 
complex structure moduli, which control the sizes of the N three-spheres, r 
of which are homo logically independent. The space X has Hodge numbers 
h 1 ' 1 = ft, 1 ' 1 — (N — r) and h 1,2 = h 1,2 + r. Many CY spaces are related this 
way, and a mathematical conjecture, known as Reid's conjecture (or Reid's 
fantasy) even claims that all CY manifolds form a single connected web ||. 
This conjecture has gained much support from string theory, starting from 

§|, 11- 

Despite their geometrical elegance, conifold transitions originally provided 
a problem for string theory, because the metric of the moduli space becomes 
singular at conifold points, 2 and therefore there is no well defined world-sheet 
1 A more detailed account is given in Section 2. 

2 In this paper, 'conifold point' always refers to the point in moduli space where a CY 
space becomes singular. The singular points of the CY space are referred to as 'nodes' or 
'singular points.' 



2 



CFT corresponding to the singular CY space X. Likewise, the low energy ef- 
fective actions (LEEA) S and S, which contain the massless modes of string 
compactifications on the spaces X and X, respectively, become singular. 
Since the conifold points are at finite distance with respect to the metric on 
moduli space, it seemed that well defined string backgrounds could develop 
into singular ones within finite time. This changed when the role of branes 
in string theory was appreciated. As pointed out in J7|], the low energy ef- 
fective action (LEEA) S corresponding to the compactification of the type 
IIB string on X develops a singularity at the conifold point, which is pre- 
cisely of the form one gets when integrating out N charged hypermultiplets. 3 
Moreover, type IIB string theory indeed contains N charged hypermultiplets 
which become massless at the conifold point, namely the winding states of 
D3-branes around the N three-spheres which are contracted. The conifold 
transition from X to X can then be interpreted as the transition from the 
Coulomb branch to the Higgs branch of an Abelian gauge theory ||. Conifold 
transitions work analogously in type II A string theory and M-theory. Here, 
the extra hypermultiplets on the Coulomb branch come from D2-branes and 
M2-branes, respectively, which wrap two-spheres inside X. Thus there is at 
least a consistent 'macroscopic' description of conifold transitions in terms 
of four-dimensional, or, in the M-theory case, five-dimensional supergravity. 
Moreover it is clear that there must exist an extended LEEA S which is reg- 
ular at the conifold point and includes the 'transition states' 4 as dynamical 
3 We always denote a CY space which becomes singular through tuning complex struc- 
ture moduli by X, while we denote a space which becomes singular through tuning Kahler 
moduli by X. The singular space itself is denoted X. The corresponding LEEA are S, S, 
and S, respectively. 

4 The term 'transition states' was coined in In this paper we will refer to LEEA 
which explicitly contain transition states as 'extended LEEA.' In (h], |ll[ this is called the 
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degrees of freedom. The actions S and S corresponding to compactifications 
on the smooth manifolds X and X, respectively, can be interpreted as aris- 
ing from integrating out the transition states. While the properties of some 
terms in S were discussed in J7|, , the full action S has not been worked out 
so far. But since all the light modes of a system enter into its low energy dy- 
namics, it is desirable to know S explicitly, in order to study the behavior of 
string compactifications close to a conifold transition. Similar remarks apply 
to other situations in string compactifications where additional light modes 
occur at special points in the moduli space, in particular to flop transitions 
in CY compactifications and to compactifications on self-dual circles or tori. 

In this paper we continue the work of |12|, || 0, 1(| [l]]] on such ex- 
tended LEEA and construct S for conifold transitions in M-theory on CY 
threefolds. While the vector multiplet sector of S can be found exactly for 
arbitrary conifold transitions, it is currently out of reach to derive the met- 
ric on the hypermultiplet manifold from string or M-theory. 5 Therefore we 
take the simplest family of hypermultiplet manifolds, the non-compact Wolf 
spaces X(l + N), to model the universal hypermultiplet together with the 
N hypermultiplets which become massless at the conifold point. M-theory 
specifies the charges carried by these transition states, and for transitions 
with r = 1 and arbitrary iV we show explicitly that this determines a unique 
action S. We further show that this action has all the properties needed to 
describe a conifold transition. In particular the model has a non-vanishing 
scalar potential whose flat directions correspond to a Coulomb and a Higgs 
branch. Therefore we interprete our model as the leading-order supergrav- 
ity approximation of the full M-theory LEEA. The physical properties of 



'in-picture LEEA.' 

5 We refer to p4| for a review of hypermultiplet manifolds in string compactifications. 
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these actions are investigated in a companion paper ||15|| . There, we present 
numerical solutions which undergo dynamical conifold transitions, and we 
show that the inclusion of the transition states has important consequences 
for string cosmology and moduli stabilization. 

This paper is organized as follows: in Section 2 we collect the necessary 
background material on five- dimensional supergravity, compactifications on 
CY spaces, and conifold transitions. In Section 3 we construct a model with 
the minimal field content needed to describe a conifold transition. This pre- 
pares the stage for a more general model which corresponds to conifold tran- 
sitions with r = 1 and arbitrary N in Section 4. We present our conclusions 
in Section 5. Some technical details concerning the vector multiplet mani- 
folds are relegated to the Appendices A and B. In Appendix C we present 
a particular conifold transition to give the interested reader a more detailed 
account of the geometrical aspects. 



2 Background material 

2.1 Five-dimensional supergravity 

The LEEA of eleven-dimensional supergravity compactified on a smooth CY 
threefold X with Hodge numbers h p,q is given by five- dimensional super- 
gravity coupled to ny = h 1,1 — 1 Abelian vector and = h 2 ' 1 + 1 neutral 
hypermultiplets. When explicitly including the transition states arising in a 
conifold transition we obtain 5tih additional charged hypermultiplets. 

The LEEA which includes these states is given by the general M = 2, D = 
5 gauged supergravity action Wfy, specialized to the case of ny vector and 
n H = ^tv + Sriu hypermultiplets. Anticipating the results of the subsequent 
sections, we limit ourselves to the case of Abelian gaugings. The bosonic 
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matter content of this theory consists of the graviton e A ny + 1 vector 
fields A 1 ^ with field strength F* = d^A^ — d u A T , ny real vector multiplet 
scalars (fi x , and 4n# real hypermultiplet scalars q x . The bosonic part of the 
Lagrangian reads: 



~9 ^bosonic - _ 2 4 JJ ^ 

1 _ v 1 



-gxyV,q x V^q Y - -g xy V^ x V^ (2.1) 
+^CW^ 1 ^*£*£^ - g 2 V(0, g ) . 



The scalars Z and g x parameterize a very special real manifold M.\m [T7 
and a quaternion-Kahler manifold .Mhm HU- The quaternion-Kahler condi- 
tion implies that Mum is an Einstein manifold. A ghost-free action requires 
in addition that the Ricci scalar satisfies 1Z = — 4nff(n# + 2), as is readily 
seen using the superconformal calculus [|H|1 . 

The vector multiplet sector is determined by the completely symmetric 
tensor Cjjk, appearing in the Chern-Simons term. This tensor is used to 
define a real homogeneous cubic polynomial 

V(h) = Cij K h 1 h J h K (2.2) 

in ny + 1 real variables h 1 . The ny-dimensional manifold A^vm is obtained 
by restricting this polynomial to the hypersurface 

W) = C IJK h 1 ^) h J (<P) h K {<j>) = 1 . (2.3) 

The coefficients au appearing in the kinetic term of the vector field strength 
are given by 

-w-4reHv rf ( ,4) 

= —2 Cijk h K + 3 Cikl Cjmn h K h L h M h N . 
6 



Defining 

h l'=-\J\ ^^)' hj:=C IJK h J h K , (2.5) 
the metric on M.ym is proportional to the pullback 6 of ajj, 

g xv {(f) :=hihiau. (2.6) 

The hypermultiplet scalars q x parameterize a quaternion-Kahler man- 
ifold of dimension dim R (.MHM) = 4n#. For rtu > 1 such manifolds are 
characterized by their holonomy group, 

Hol{Mnu) = SU(2) ■ USp(2n H ) , (2.7) 

while in the case njj = 1 they are defined as Einstein spaces with self-dual 
Weyl curvature. In general quaternion-Kahler manifolds need not be Kahler 
manifolds or complex manifolds. However, they are quaternionic manifolds, 
i.e., locally there exists a triplet J r of almost complex structures, which 
satisfy the quaternionic algebra 

J r J s = -5 rs + e rst J* , r,s,t = 1,2,3. (2.8) 

In our construction of extended LEEA for conifold transitions we will use 
the non-compact Wolf spaces 

X{1 + N) - U(l + N)xU(2)> (2 ' 9) 
as hypermultiplet manifolds. For N = this series contains the universal hy- 
permultiplet jjnQum ■ To utilize these spaces in the construction of gauged 
supergravity actions, we need to know the metric, Killing vectors and the 
associated SU (2) -triplets of moment maps of X(l + N). Using the supercon- 



formal quotient construction [20, 21, 03], these geometrical data have been 



3 The matrix au can be interpreted as a metric on an (ny + l)-dimcnsional space, into 



which A-fyM is immersed by (2.3) 



obtained in [Kj. As it will turn out the resulting parameterization is very 
useful for our construction and we now briefly summarize the relevant results. 

We first introduce complex coordinates v l , Uj, i — 1, . . . , N+l with respect 
to the complex structure J 3 . 7 The hyper mult iplets of X(N+1) are described 
by the coordinates v l ,Ui with fixed index i. Using these coordinates we see 
that the metric on X(N + 1) is hermitian with respect to J 3 . Its components 
read 8 

g UiUj = - JL (rf + «J „<) + -L. (rf l Ul + (v l Ul )) (rj% + v* (v T uj) ) , 
g& u . = -^(^(^A^j-^iH), (2-10) 
9** = ~ ^ % + (mv l ) (V 3 i v l ) + Ui u 3 



20_ 1 J 2<f£ 

Here 77^ := diag [—1, ... — 1] is minus the (n — 1) x (n — l)-dimensional unit 
matrix, rf' denotes its inverse, and (f> + and 0_ are given by 

(f) + : = 1 + , 0_ := 1 + ^iti% + (v^i) (tfui) . (2.11) 

The triholomorphic Killing vectors of the metric (|2.10|) are completely 

determined by the generators [t ] J j, I = i, n, n + 1 of the Lie algebra su(N + 
7 While for a general quaternion-Kahler manifold J 3 does not need to be integrable, it 
happens to be integrable for 1(1 + N). In the construction used in [^0[ [fo| this is 

manifest, because X{1 + N) inherits a J 3 -complex coordinate system from the associated 
hyper-Kahler cone. Note, however, that the associated fundamental form is not closed, 
and, therefore, the quaternion-Kahler metric is not Kahler with respect to this complex 
structure p3]. 

8 Note that there is a relative minus sign between the metric obtained from the super- 



conformal quotient construction and the conventions of the supergravity Lagrangian (2.1) 
The results given here are adapted to the supergravity Lagrangian. 
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1,2) of the isometry group of (|2.9|). Explicitly they read 



y 

fc«* = j ^ V + t n+ * +1 ) - i t\ Uj -it^ + i t n+ l (v j Uj ) (2.12) 



k vi = i tr v j + i t\ +l - i v l t n+ ) v j - i v< t n+1 n+1 - — (t]% + v k u- k 



-2ui k z + — — k^rjijv^ , 
Z(p + 

with and k z given by 

fc c = 2 i (t n i v* + t n n+l ) and 

k = \ (t n+1 y + t n+1 n+1 - 1\ * - 1\ + t n+l n v* ui) . 



(2.13) 



The components of the Killing vectors with respect to d& and are obtained 
from eq. ( |2.12|) by complex conjugation. 

The S'[/(2)-triplet of moment maps associated with these Killing vectors 

is 

A 3 = -^{J^t\v k + t n+ ]v* + vi mi t\ +l +t n+ l +1 } (2.14) 



-(t B+ ^«,+t n+ 9 ( Uk v k ) + t n+1 n+1 (u^) (u^)} 

+i n n + l-* n+ n + l («*«')}• 



These are related to the quantities P\ appearing in the scalar potential V of 
the Lagrangian (|2.1|) by 



P} = \(» + + n, P/ = -^(A + -A-) , P? = lfi\ (2-15) 

where pT is the complex conjugate of fi + . 

Since a conifold transition involves charged hypermultiplets, we must 
specify an appropriate gauging of the Lagrangian (|2.1|) . The scalars take 
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values in a Riemannian manifold, and the gauge group must operate on 
them as a subgroup of the isometry group in order to have an action which is 
both gauge invariant and invariant with respect to reparameterizations of the 
scalar manifold. As part of the gauging procedure we need to covariantize 
the derivatives of the scalar fields with respect to isometries of the vector or 
hypermultiplet target manifolds, 

V»q X := d,q x + gA^K x {q) , := + gA^Kf^) . (2.16) 

Here the Ky(q) and Kf(cj)) are the Killing vectors of the gauged isometries 
in the hypermultiplet and vector multiplet scalar manifold, respectively. As 
an important consequence of the gauging we now have a non-trivial scalar 
potential V(0, q). Since we have both vector and hypermultiplets but no ten- 
sor multiplets, and since the vector multiplets remain uncharged, the scalar 
potential is determined by the gauging of the hypermultiplet isometries. In 
order to write down V explicitly, we define: 

P r (<f>,q):^h I ( ( j ) )P^q), P r M,q):=h I MPl(q), K X '(cj>,q) := h 1 \<j>)K x \q) 

(2.17) 

Here h 1 ((f)) are the scalars (|2.2|), which are associated to the gauge fields A 1 , 
Kf(q) denotes the Killing vector of the hypermultiplet isometry for which 
A 1 ^ serves as a gauge connection, and P\ is its associated SU{2) triplet of 
moment maps. The scalar potential takes the form 

¥(0, q) = -AP r P r + 2fyp r x P r y + ^g XY K x K Y . (2.18) 

To discuss the vacuum structure of this potential, it is further useful to 
introduce the real 'superpotential' p3 



) V := J^P r P r , (2.19) 
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which can be read off from the supersymmetry variations of the gravitino. 
Under the condition that the phase Q r , which is defined by 

is independent of the vector multiplet scalars, d x Q r = 0, the scalar potential 
( |2.18| ) can be rewritten in terms of W: 

V(0, q) = -6W 2 + ^ AS 9 A W9 S W . (2.21) 

Here A , A, S = 1, . . . , ny + 4n H denotes the combined set of vector and 
hypermultiplet scalar fields and g AS is the direct sum of the vector and 
hypermultiplet inverse metrics, 

g^{^q):=g XY {q)®g xy { ( f>). (2.22) 



The 'stability form' fl2.21| ) is useful, because it is sufficient to guarantee the 



gravitational stability of the theory p4 



It was further shown in |23|, ^5|] that the minima of W are given by the 
solution of the algebraic equations 9 

hi (<p c ) P r (<Pc, q c ) = Pi (ft) and K x (<f) c , q c ) = . (2.23) 

Here (fi c and q c denote the restrictions of the scalar fields and q to the crit- 
ical submanifolds of the vector and hypermultiplet scalar manifolds where 
the conditions ( |2.23|) are satisfied. These submanifolds correspond to the su- 



persymmetric vacua of the theory. Indeed, it is straightforward to check that 
the solutions of the equations Q2.23| ) are critical points of the potential Q2.18 



with V|0 Ci g c < 0, implying that the resulting vacua are Minkowski or anti-de 
Sitter. Further, d x Q r = is always satisfied on the critical submanifolds, so 



3 For analogous relations in TV = 2, D = 4 super- Yang-Mills theory see 26 
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that the restriction of V to these subspaces can always be rewritten in the 
stability form ( |2.21 ). 

In the following discussion, two types of solutions to the equations (|2.23|) 
will play a role. First, the conditions ( |2.23| ) may fix (some of) the hypermul- 
tiplet scalars, while the vector multiplet scalars are unconstrained. This is 
the Coulomb branch. Second there are solutions where (some of) the vector 
multiplet scalars are fixed while the hypermultiplet scalars are free to take 
values in a submanifold of A^hm- This corresponds to the Higgs branch. In 
between these extreme cases there can also be mixed branches. 

2.2 Calabi-Yau compact ificat ions 

When compactifying eleven-dimensional supergravity on a smooth CY three- 
fold X | p7| , one obtains a five- dimensional ungauged supergravity action, i.e, 
all fields are neutral under the gauge group U(l) nv+1 and there is no scalar 
potential. In this case the objects introduced above acquire the following 
geometrical interpretation: the vector multiplet scalars encode the deforma- 
tions of the Kahler class of X at fixed total volume, while the hypermultiplet 
scalars parameterize the volume of X, deformations of its complex structure, 
and deformations of the three-form gauge field of eleven- dimensional super- 
gravity. The hypermultiplet containing the volume is called the universal 
hypermultiplet, because it is insensitive to the complex structure of X. 

We need to give some more details. The vector multiplet manifold is 
closely related to the Kahler moduli space of X, which is a cone, called the 
Kahler cone. This cone is defined by the condition that the volumes of all 
curves C C X, of all holomorphic surfaces S C X, and of X itself are positive 
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when measured with the Kahler form J 

I J>0 , [ JAJ>0 , [ J AJ AJ >0. (2.24) 
Jc Jd Jx 

At the boundaries of the Kahler cone some submanifolds of X contract to 

zero volume and X becomes a singular CY space X. This will be discussed 

in the next subsection. To parameterize deformations of the Kahler form 

J, we introduce a basis C 1 , I = 0,...,n v for the homological two-cycles 

H 2 (X, Z). 10 The dual basis Dj, I — 0, . . . , riy for the homological four-cycles 

Hi(X,Z) is defined by 

C 1 -Dj = 5 T j . (2.25) 

The Kahler moduli h 1 are obtained by integrating the Kahler form over the 
two-cycles C 1 : 

h 1 = I J. (2.26) 
Jc 

This shows that the Kahler moduli are in one-to-one correspondence with 
the volumes of two-cycles. 11 The volume of X itself is given by 

vol(X) = ^ ( J AJ AJ =\C IJK h I h J h K , (2.27) 
3' Jx 

where we used Poincare duality and the definition of the triple intersection 
numbers 

C IJK = D I -D J -D K . (2.28) 

Since the modulus corresponding to the volume of X sits in the universal 
hypermultiplet, we need to disentangle it from the the other Kahler moduli. 
The rescaled fields 

h 1 = (6vol(X))- 1 ' 3 h I (2.29) 

10 Recall that ny = h 1 ' 1 — 1. The range of / is chosen in order to be consistent with 

supergravity conventions. 

11 To be precise: h 1 is the minimal volume which a curve in the homology class C 1 can 

have. This bound is saturated for holomorphic curves. 
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are precisely the vector multiplet scalars discussed in the last section, and the 
coefficients of the cubic prepotential V(h) are precisely the triple intersection 
numbers. Since the vector multiplet manifold is given by V(h) = 1, we see 
explicitly that it is the projectivization of the Kahler cone, or, equivalently, 
a hypersurface corresponding to fixed total volume. 

The volume modulus V, which sits in the universal hypermultiplet, is 
obtained by splitting the volume of X into a dynamical scalar field V and a 
fixed, dimensionful 'reference volume' v, which relates the eleven- dimensional 
and the five-dimensional gravitational couplings, 



vol(X) = v • V , where = 4- . (2.30) 

K (ll) K (5) 



Half of the moduli in the remaining nn — 1 = h 2,1 hypermultiplets cor- 
respond to deformations of the complex structure of X. These moduli are 
found by integrating the holomorphic (3, 0)-form of the CY manifold X over 
the members of a basis of the homological three-cycles. Thus, there is a one- 
to-one correspondence between complex structure moduli and three-cycles. 
The other half of the remaining hypermultiplet moduli correspond to defor- 
mations of the eleven- dimensional three-form gauge field. The metric on the 
hypermultiplet manifold is in general only known at tree level. Here one can 



use the c-map |28| and the whole hypermultiplet manifold is uniquely deter- 
mined by the special Kahler submanifold spanned by the complex structure 
moduli of X. However, the hypermultiplet metric is subject to perturbative 
and non-perturbative corrections. Here only limited results are known, and 
mostly for the universal hypermultiplet, see p9| [31], |32[ and references 
therein. 
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2.3 Conifold transitions 

We now review the geometry and M-theory physics of conifold transitions. 
For a more detailed account, see in particular |3U . 



2.3.1 Geometry: local aspects 

Conifolds are a particular type of singular CY spaces, which contain a finite 

number N of isolated nodes (also called double points), which are the simplest 

singularities of complex threefolds. Let us first discuss the local geometry of 

a single node. Locally a node can be described as the vertex of a cone in <D 4 , 

given by the zero locus of a quadratic polynomial. One way to parameterize 

this cone is \& = X/a=i C = 0' where Co, are complex coordinates in <D 4 . By 

intersecting the locus \l/ = with S 7 C R 8 ~ C 4 one easily sees that ^ = 

is a real cone with basis S 2 x S 3 . This description indicates that the singular 

point can be smoothed in two different ways, by either keeping the S 2 or 

the S 3 finite at the tip. The first smoothing is called the small resolution, 

while the second smoothing, where one replaces the singular point by an S 3 , 

is called the deformation. 12 The process of going from one smoothing to the 

other describes the local geometry of a conifold transition: one first tunes 

the Kahler modulus controlling a particular two-cycle to turn it into a node. 

Then this modulus is frozen in, and the node is deformed into a three-cycle, 

whose size is controlled by a new complex structure modulus. Obviously, 

one can also perform this process in the opposite direction, and this is the 

perspective taken in most of the literature, in particular in ||. For us it will 

be convenient to approach the conifold singularity 'from the Kahler moduli 

side,' because we have full control about the vector multiplet sector, while 
12 The node can also smoothed by replacing it by a submanifold of dimension 1,4 or 5. 
But this is not compatible with the resulting smoothed manifold being CY. 
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much less is known about the details of the hypermultiplets. 
2.3.2 Geometry: global aspects 

Next, let us consider a compact CY space X which develops iV nodes when 
we tune the Kahler moduli such that N isolated holomorphic curves Ci,i — 
1, ...,7V shrink to points. We will denote the homology classes of these 
curves by CW. Naively, one might expect that each node can be resolved 
or deformed independently. But this is not true, as the condition that the 
resulting compact smooth manifold is CY imposes constraints (see [0] or |3|, 
H). Generically one can either resolve or deform all the nodes simultaneously. 
Moreover a conifold transition cannot exist if the nodes are independent in 
homology. Instead, they must satisfies r homology relations (N > r > 0) 

N 

^a p4 C w = 0, p=l,...,r. (2.31) 

i=i 

Thus the iV curves which are contracted to nodes belong to N — r different 
homology classes and are controlled by N — r Kahler moduli. The special 
values of these Kahler moduli, where the curves reach zero volume, belong 
to the boundary of the Kahler cone. The deformation of these nodes results 
in a new CY manifold X, with Hodge numbers 

h 1 >\X) = h 1 > 1 (X)-(N-r), h l > 2 {X) = h x ' 2 {X) + r . (2.32) 

This shows that in a conifold transitions one looses N — r generators of 
the two-cycles and gains r generators of the three-cycles, or vice versa. The 
number of Kahler and complex structure moduli changes accordingly. 13 Note 
13 While for the small resolution one generically has an overall ambiguity, which leads to 
two different small resolutions related by a flop, the deformation is unique: even though the 
deformation contains an entire SO(2)-family of three-spheres, these are all homotopically 
equivalent. 
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that the Euler number changes: XePO = Xe(X) — 2N. 
2.3.3 Physics: microscopic aspects 

We now turn to the physical interpretation of conifold transitions in terms 
of M-theory, which comprises the fundamental or microscopic level of the 
description. In the smooth CY threefold X the holomorphic curves Cj, with 
homology classes can be expanded in the homology basis {C 1 }, so that 
Q{i) = q l I C I , with integer coefficients q t I . Since the C, are holomorphic, 
they have the minimal volume which is possible in their homology class, 
vol(Ci) — h % — q^h 1 . Moreover, the N cycles are subject to r homology 
relations. Therefore the matrix q % l has rank N — r, and the N volumes h % 
are controlled by N — r of the h 1 ' 1 — 1 Kahler moduli available at fixed total 
volume. 

By wrapping M2-branes around these curves, one obtains N hypermul- 
tiplets which carry charges ±(q l I ), 1 = 0,..., n v , under the gauge fields A 1 ^ 
| ]34[ |. The z-th hypermultiplet couples to the particular linear combination 
A 1 = q 1 jA 1 ^. Since the matrix q l I has rank N — r, we see that a subgroup 
U(l) N ~ r of the total gauge group U{l) nv+1 is gauged. 14 Hypermultiplets are 
BPS multiplets, and therefore their mass (in suitable units) is given by their 
central charge, which itself is determined by the electric charges. Explicitly, 
the central charge of the i-th hypermultiplet is Z^ 1 = q l jh 1 . From the higher 
dimensional perspective, the mass is given by the dimensional reduction of 
M2-brane tension T^) along the curve Ci 0: 

^BPS = ^(2)(6v) 1/3 |^ / / i / | . (2.33) 

Here we indeed recognize the five-dimensional BPS mass formula M^p S = 
14 The extra t/(l) is due to the graviphoton, which belongs to the gravity multiplct. 
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const • |2fW|. 15 At the conifold point N — r Kahler moduli are tuned such 
that = q t jh 1 = and the N charged hypermultiplets corresponding to 
M2-branes wrapped on the curves Cj become massless. 

2.3.4 Physics: macroscopic aspects 

Having identified the additional massless states which occur at the conifold 
point, we now address the question how the transition can be described in 
terms of a five- dimensional LEEA. Away from the conifold point, when the 
additional states are heavy, we have compactifications on smooth Calabi-Yau 
spaces X and X. The corresponding effective actions, S and S, contain ny 
and h v = n v — (N — r) Abelian vector multiplets and n N and h N = — r 
neutral hypermultiplets, respectively. When we approach the conifold point 
along the moduli space of X, the N charged hypermultiplets corresponding 
to M2-brane winding modes become massless. Our goal is to construct a new, 
extended LEEA S, which explicitly includes these states. Thus S contains 
ny vector multiplets and + N hypermultiplets, N of which carry electric 
charges q l j, as discussed above. By comparing to the spectrum of S, one 
sees that the deformation of X into X corresponds to a new branch in the 
moduli space along which N — r vector multiplets and N — r hypermultiplets 
become massive. Thus there is a Higgs effect, and the actions S and S are the 
effective actions of the massless modes on the Coulomb branch and on the 
Higgs branch of S, respectively. The Higgs branch is parameterized by the 
scalars of the r hypermultiplets which remain massless and contain the new 
additional complex structure moduli of X. From the analogous situation 

15 From the eleven-dimensional point of view the mass of an M2-brane wrapped on 
is given by MR = T {2) vol{Ci) = T (2) (6vV) 1 / 3 | g > / |. However, the relat ion between 
the eleven-dimensional and five-dimensional metrics involves a conformal rescaling by the 
volume modulus V . 
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in rigid supersymmetric theories one expects that along the Higgs branch 
the N — r massive vector and hypermultiplets combine into long, non-BPS 
vector multiplets. 16 The non-BPS nature of these states fits very well with 
the observation that in the microscopic picture there are no BPS branes 
which could wrap three-cycles in order to give point-like BPS states. 17 

Let us next discuss how the extended LEEA S can be found explicitly. 
As usual with effective actions, S and S need not be obtainable from S 
by simply truncating out the additional modes. In general, integrating out 
states will lead to threshold corrections, which modify some of the terms 
involving the other states. This can be seen explicitly in the vector multiplet 
sector, because this part of the actions S, S and S is determined completely 
by the corresponding homogenous cubic polynomials V, V and V. For S and 
S these polynomials are determined by the triple intersection numbers Cjjk 
and CfjK of X and X. The polynomial V can be related to V as follows: one 
considers the intermediate regime where the transition states are massive, 
but less heavy than all the other massive states. Then the descriptions in 
terms of S and S are both valid, and one can determine the relative threshold 
correction between these two effective actions by explicitly integrating out 
the N charged hypermultiplets. Adapting the result found in |34j] we obtain: 



N 1 N nv 



2 ^— ' v ' 2 

i=l i=l 1=0 



Note that since q l I has rank N — r, the difference V — V only depends on the 
N — r Kahler moduli which control the N curves Cj. 



16 See for example |37]].We will see later that in our explicit gauged supergravity models 

the Higgs effect indeed works as in the rigid case. 

17 The exact microscopic origin of these degrees of freedom remains to be clarified. For 

the case of type IIB string theory it was argued in |58j that these states correspond to 

massive string excitations. 
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The polynomials V and V are related by integrating out N — r vector and 
N—r hypermultiplets. As none of these states is charged under the remaining 
gauge group U(l) nv+1 = JJ{l) nv+1 ~^ N ~ r \ there is no threshold correction 
which modifies the interactions between the remaining vector multiplets, and 
V is obtained by freezing the N — r Kahler moduli, which is equivalent to 
setting U = 0: 18 

V = V = V\ hi=0 . (2.35) 

h*=0 

This prescription appears to agree with the relation between Cuk and Cjjx 
predicted by algebraic geometry, where one drops the part of the intersection 
ring which is generated by the duals of the of the two-cycles C^. 19 

While the vector multiplet sector can be treated exactly, including thresh- 
old corrections, the situation is much less satisfactory in the hypermultiplet 
sector. As explained above, already the hypermultiplet manifolds of S and S 
are only known at tree level. In order to determine this manifold for S, one 
needs to know in addition the couplings involving the groundstates of the 
wrapped M2-branes. In M-theory it is currently not known how to compute 
this. Going to type IIA string theory by dimensional reduction does not help 
either: here one has techniques such as boundary conformal field theory to 
handle D-branes, but these can only be applied if the corresponding world- 
sheet conformal field theory is rational, for example at Gepner points in CY 
moduli spaces. However, at conifold points one does not even have a well- 
defined conformal field theory, and effective supergravity is so far the only 

18 To obtain V explicitly, one can apply a linear transformation which block-diagonalizes 
the charge matrix q z I such that the N — r Kahler moduli controlling the nodes correspond 
to, say h 1 with I' = 1, . . . , N — r. Then one sets h 1 = 0. Examples will be given in the 
next two sections. 

19 Examples for the computation of triple intersection numbers and their behavior in 
conifold transitions are given in Appendix C. 
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way to see that the full, non-perturbative string or M-theory physics is never- 
theless regular. Because of these difficulties we will not try to determine the 
exact hypermultiplet manifold from microscopic physics, but instead make a 
choice, based on simplicity, and take the non-compact Wolf spaces X(l + N) 
as hypermultiplet manifolds of S. As we will see this will still pose consid- 
erable technical problems, which, however, can be solved. Note that we still 
have the essential microscopic input, namely the charge matrix q l T , which 
determines the gauging of S in terms of the geometry of the transition. Since 
S is a gauged supergravity action, the choice of the scalar metric and of the 
gauging determines the whole action, in particular the scalar potential and 
therefore the mass matrix. Since X(l + N) is a curved quaternion-Kahler 
manifold, it is not a priori clear whether there exists a gauging which leads to 
a potential with the structure needed to describe a conifold transition. But 
in the following sections we will show explicitly that such gaugings exist and 
that they are uniquely determined by the microscopic data. 

3 Actions for conifold transitions: a minimal 
model 

We now have all the ingredients to write down explicitly the LEEA for coni- 
fold transitions, including the charged extra states which become massless 
at the transition locus. To illustrate the key features of the construction, we 
first consider a model with the minimal number of multiplets before turning 
to the description of a general conifold transition. In both cases we proceed 
by first constructing the Lagrangian and then showing that the scalar masses 
obey the conditions arising from the microscopic picture. 

Before embarking on the actual construction of the Lagrangian, let us 
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comment on the general vacuum structure expected from an effective action 
describing a conifold transition. From the microscopic picture we expect the 
vacuum manifold to consist of two branches, a Coulomb branch (correspond- 
ing to the compactification on X) where the extra light hypermultiplets are 
massive and a Higgs branch (corresponding to the compactification on X) 
where some of the vector multiplets become massive and the gauge group is 
spontaneously broken U(l) nv+1 -> f7(l)»v+i-(tf-r). 

In terms of the algebraic eqs. Q2.23Q this vacuum structure can be un- 
derstood as follows. Suppose we gauge an isometry where we can fix some 
of the hyper mult iplet scalars to obtain PJ{q) = while the correspond- 
ing Killing vector Kf(q) remains non-zero. Having Pj(q) = suffices to 
meet the first condition in (|2.23|) . 20 In order to satisfy the second equation, 



h 1 \4>)Kf \q) = 0, we then have the choice to either fix the remaining hyper- 
multiplet scalars such that Kf(q) = or the vector multiplet scalars such 
that h l ((j)) = q\h} (0) = 0. 21 The first choice corresponds to the Coulomb 
branch, while the second one gives rise to the Higgs branch. The intersection 
locus where both Kf(q) = and h l (<p) = are fulfilled is the conifold locus. 

3.1 Constructing the action 

As is well known from rigid M = 2 supersymmetric theories, the minimal 
field content for having a Coulomb and a Higgs branch is one vector multiplet 
together with two charged hypermultiplets. In the effective supergravity 
framework this field content can be used to describe a conifold transition 
with N = 2,r = 1, if we truncate out all the multiplets which are massless 



20 In terms of four-dimensional super- Yang-Mills theory the conditions P}{q) = Pfiq) = 

and Pj(q) = correspond to F- and D- flatness, respectively p6f . 

21 Since the hypermultiplets are charged with respect to A 1 ^ — q % jA 1 ^, it is clear from 



( [2.16D that this is sufficient to have h 1 {4>)K? (q) = 0. 



22 



along both branches. In such a transition the Hodge numbers are related by 
h 1 ' 1 ^) = h l ' l {X)-l, h}> 2 {X) = h 1 ' 2 (X) + l, while the Euler number changes 
according to Xe(X) = x{X) — 4. The rank of the gauge group is reduced 
by one. Besides the gravity multiplet, the minimal model contains only the 
vector multiplet corresponding to the U{1) which is Higgsed, together with 
two hypermultiplets. In order to describe a conifold transition, we need the 
following behavior: along the Coulomb branch the two hypermultiplets must 
be massive. They must become massless at the conifold point, where one can 
give a vacuum expectation value to some of the hypermultiplet scalars, with 
the result that the U(l) is Higgsed. The Higgs branch is parameterized by 
the scalars in one hypermultiplet, while the vector multiplet and the other 
hypermultiplet become massive. 22 Note that the universal hypermultiplet has 
been truncated out together with all the other neutral hypermultiplets. We 
take the vector multiplet manifold to be the most general one, see Appendix 
A, while the hypermultiplet manifold is X(2). 

Geometrically the conifold transition involves two two-cycles i = 1,2, 
which are subject to the homology relation + = 0. 23 The charges 
of the hypermultiplets are obtained by expanding the in the homology 
basis C 1 , C« = -C® = EZo^iC 1 - The volume of C« is given by 
h*((fi) = 52i=n Q 1 1^ 1 i'P) • I n order to work with the truncated model with 
one vector multiplet, we might need to perform a (not necessarily integer 
22 As we will see the hypermultiplet which parameterizes the Higgs branch is a specific 
linear combination of the two hypermultiplet which we use on the Coulomb branch, see 

23 We are not aware of a concrete example of a conifold transition with N = 2, r = 1. 
In Appendix ^| we give an example of a conifold transition with N = 4, r = 3 which, by 
mirror symmetry, maps to a conifold transition with N = 4, r = 1. The conifold transition 
of the quintic has N = 16, r = 1. The LEEA constructed in the next section correspond 
to r = 1 with arbitrary N. 
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valued) basis transformation of the h 1 such that q X j = for I > 1 and 
h*((p) = J2)=o Q 1 1^ 1 ■ The corresponding gauge field is A* = Yli=o ^i^li- 
The condition + = between the two two-cycles translates into the 
requirement that the two hypermultiplets carry opposite U(l) charges. The 
Killing vector encoding this charge assignment should then have the form 



k x 



r i 2-1-2 - - i T 

[V , -V , -V , V , -Mi ,U 2 ,U!, -U 2 \ 



with respect to the basis 



(3.1; 



(3.2) 



The relative sign in the charge assignment between v l and -Uj stems from the 
fact that the Ui transform in the conjugate representation of the gauge group 
II- 

Equating the Killing vector (RTTJ) with the expression for the most general 



triholomorphic Killing vector of X(2), ( |2.12| ), we find that ( |3 . 1| ) indeed is a 
symmetry of X(2) which is generated by the Lie algebra generator 



t C f = diag[l, -1,0,0]. 



(3.3) 



The S'[/(2)-triplet of moment maps associated with this isometry is then 
obtained by substituting this generator into the general expression for the 
moment maps on ^(2), ( |2.14| ), and reads 



Mcf 



,,1/1,1/2 (V^l - v2u 2 ~ V 1 U X + V 2 U 2 ) 
2<p + <p_ 

n ,i/2,i/2 (V^l - v2u 2 + V X Ux - V 2 U 2 ) 
2<p + <f>_ 



- it- - + oil (V^ 1 



ft) 



(3.4) 



where the components of the moment map {p, 1 , ft 2 , ft 3 } are adapted to the 
basis associated with the complex structures 
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Next we need to identify the gauge connection A* The Higgs branch 
condition h*(<fi c )K x (q c ) = 0, K*(q c ) ^ requires that h*{<p) must have a zero 
for some value cf> inside the vector multiplet scalar manifold. The discussion in 
Appendix A then fixes h*(<f>) = since h°(<p) does not have this property. 

After determining the gauge connection A*, the Killing vector k x { , and 
its associated triplet of moment maps, we now have all the ingredients for 
gauging the general supergravity Lagrangian (|2.1|). We start with the kinetic 



terms. Since we do not gauge any isometries of the vector multiplet scalar 
manifold, the corresponding gauge covariant derivative is just the partial 
derivative, 

V^ x = d„(j) x Kf(<f>) trivial. (3.5) 

We now turn to the gauging of the hypermultiplet sector. Since the U(l) 
gauge connection of the isometry Q3.1Q is ^4* = A 1 ^ we must set 

K*(q) = 0, K x (q) = k*(q)- (3.6) 

The covariant derivative for the hypermultiplet scalars then becomes 

V,q x = d»q x + gAlkX(q). (3.7) 

This expression explicitly shows that the two hypermultiplets v 1 , U\ and v 2 , 
carry opposite U(l) charge with respect to the gauge connection A 1 . Fur- 
thermore, we have included an explicit gauge coupling constant g. At the 
level of five-dimensional gauged supergravity this is a free parameter, but we 
will see later that g is fixed by the microscopic data of the full M-theory. 

Next we turn to the scalar potential (|2.18 ). Taking into account the 
relations ( |2.15| ) we set 

P£(q) = 0, P[{q) = \f? ct {q) . (3.8) 
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Correspondingly, P r is obtained as 



0) Aa(9) • 



(3.9) 



In order to construct the scalar potential, we work out the superpotential 
(|2.19| ). For the P r above this is given by 



From this expression it is then straightforward to check that Q r defined in 
eq. (|2.20j) is independent of the vector multiplet scalar. This implies that the 
scalar potential V(0, q) is determined by the 'superpotential' W, because it 



3.2 Vacua and mass matrix 

The supersymmetric vacua of this potential are determined by the conditions 
(|2.23| ). Looking at the moment map (|3.4|) reveals that fi r Ci vanishes if and 
only if v 1 = v 2 , Ui = u 2 . Restricting the Killing vector ( |3.1| ) to this subset we 
find that the resulting expression is non-vanishing. The second condition in 
(|2.23| ) can then be met by either setting the hypermultiplet scalars to zero, 
which corresponds to the Coulomb branch 

A^coui = {v 1 = ui = v 2 = u 2 = , 4> undetermined} , (3-H) 

or fixing = which yields the Higgs branch 



On the latter, the non-trivial vacuum expectation value of the hypermul- 
tiplet scalars spontaneously breaks the U{1) gauge group. Restricting the 




(3.10) 




{v 1 = v 2 =: v , Ui = u 2 =: u , <fi = } . 



(3.12) 



26 



superpotential ( |3 . 1 0[ ) to these vacua, we find that the resulting expression 
vanishes. This implies that these vacua are Minkowski, establishing that our 
model has the correct vacuum structure to describe a conifold transition. 

To complete our discussion, we also calculate the masses of the fields 
on the two vacuum branches. For the scalars the masses are given by the 
eigenvalues of the mass matrix 



M\ = g 2 / s -^-^¥(0,g) 



s 



(3.13) 



where g AS has been defined in eq. fl2.22| ). Arranging the coordinates on 
Mum x Mvm as 

(f) A = { v 1 , V 2 , v l , V 2 , U\ , U 2 , Ml , u 2 , (p } , (3.14) 

the evaluation of the mass matrix on the Coulomb branch yields 

^ A E| C oui = ( m Coui) 2 diag[l, 1, 1, 1, 1, 1, 1, 1,0] , (3.15) 



with 



(m Co ui) 2 = ^g 2 {h 1 ) 2 . (3.16) 



In terms of the microscopic picture \h l \ corresponds to the volume of the 
shrinking cycle. This implies that (|3.16| ) has precisely the structure expected 



from the eleven-dimensional point of view. By comparing with ( |2.33j ) and 
using ( |2.3(JD together with the value T( 2 ) = (-^r—) 1 ^ of the M2-brane tension 



(ii) 

], we find that g is fixed by M-theory, 



(48 vr) 1 / 3 . (3.17) 

Thus the extended LEEA is completely fixed once we choose the hypermul- 
tiplet manifold to be AT (2). 

Let us now turn to the Higgs branch. Here we have to evaluate the mass 
matrix for the scalar fields ( p3.13[ ) and in addition obtain a mass term for 
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the vector field A 1 . In the latter case we note that since Ofj|</,=o = 12x2 (cf. 
Appendix A), the kinetic term for the vector fields has its standard form, so 
that the mass of A 1 ^ can be read off directly from the term proportional to 
(A^) 2 arising in the hypermultiplet kinetic term. Defining 

(m H ig gs ) 2 = 2g 2 vv + ^~ u ^j > ( 3 - 18 ) 

where (j>± is understood to be restricted to .MHiggs, we find that the vector 
field A 1 , the vector multiplet scalar <fi and three hypermultiplet degrees of 
freedom acquire the mass mHi ggs while the remaining fields stay massless. 
In terms of supersymmetry algebra representations (see for example |p7| ) 
these modes organize into one massless hypermultiplet and one long vector 
multiplet of mass m^ggs- The latter contains all the massive degrees of free- 
dom and one massless hypermultiplet mode which is the would-be Goldstone 
boson that provides the longitudinal mode of the vector field. This shows 
explicitly that the vector multiplet 'eats up' one of the hypermultiplets and 
becomes a non-BPS multiplet. 



4 Actions for conifold transitions: general case 

In the last section we illustrated the key features of an extended LEEA 
describing a conifold transition by means of a minimal model. Now we gen- 
eralize this setup to the case where iV two-cycles satisfying r = 1 homology 
relations contract to nodes. When including the neutral universal hypermul- 
tiplet, the hypermultiplet sector of the corresponding Lagrangian contains 
N + 1 hypermultiplets and thus will be modeled by X(N + 1). In order 
to calculate the masses of the fields on the Higgs branch we need to spec- 
ify an explicit vector multiplet sector. Here we will use the family of very 
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special real manifolds discussed in Appendix [FJ including an arbitrary num- 
ber «v > N — 1 of vector multiplets. Even though these manifolds are not 
directly related to an exact vector multiplet sector arising from a CY com- 
pactification, this ansatz is general enough that it can readily be adjusted to 
any particular conifold transition by substituting the corresponding vector 
multiplet sector obtained from eq. Q2.34Q . 

4.1 Constructing the action 

The construction of the Lagrangian describing a general conifold transition 
proceeds exactly as in the case of the minimal model. Our first task is to 
generalize the single Killing vector ( |3.1| ) to a set of Killing vectors k^(q) 
which encode the charges of the extra hypermultiplets with respect to the 
gauge fields associated with the h a ((j)) parameterizing the volume of the 
collapsing cycles C^ a \ The microscopic analysis from Subsection 2.3 indicates 
that the charges are encoded in a set of Killing vectors a — 1, . . . , N — lof 
the form 

^ = *[0,^ 2 ,0,...,-^ +2 ,0,...,0] T , 

(4.1) 

k u a = i[0,-u\0,...,u a+2 ,0,...,0] T , 

where the entries '— v a+2y and '-u a+2 ' occur at the a + 2 position. The compo- 
nents of with respect to d& and d Ui are obtained from k v a and k^ by com- 
plex conjugation. Here we have chosen our hypermultiplets such that v l ,u\ 
parameterize the universal hypermultiplet, v 2 ,ii2 arise from the M2-brane 
wrapping the cycle C« = - J2a=t C {a+1 \ and the remaining hypermulti- 
plets v a+2 ,u a+2 correspond to the M2-branes wrapping the cycles C^ a+1 \ 
a = 1, . . . , N — 1, respectively. The set of Killing vectors (|4.1|) mutually 



commutes, 



k a} kp 



0, so that the hypermultiplets are charged with re- 



spect to a subgroup U{1) N 1 C U(l) nv+1 . Note that the minimal model of 
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the last section is obtained from ( |4.1| ) by truncating the universal hypermul- 
tiplet (erasing the first slot in the Killing vectors) and restricting to the case 
N = 2. 

Our next task is to determine the generators t a G su(N + 1, 2) which give 
rise to the isometries (|4.1[ ). For this purpose we first restrict the expression 
for a general Killing vector on X(N + 1), ( [2.12|) , to the subset of Killing 
vectors which are linear in the hypermultiplet scalar fields 



(4.2) 



k v — i (l' ji < i , 

Equating this expression with the Killing vectors (|4.1|) and imposing the 
condition that t a is traceless leads to an overdetermined system of equations 
from which the generators t a can be determined. In the case of the Killing 
vectors ( |4. 1|) we find the solution 



t a = diag [0,1,0 



-1, 







(4.3) 



where the entry ' — 1' sits at the a + 2 position. Hence the vectors ( |4.1| ) are 
indeed tri-holomorphic isometries of X(N + 1). 

In the next step we calculate the moment maps pF a of these isometries. 
Substituting the generators t a into eq. ( p.!4| ) and taking the linear combi- 
nations ft, 1 = fl + + ff~ , fi 2 = —i (ft + — ft') we obtain 



- „,i/2 ,1/2 ( v2 U2 ~ V a+2 U a+2 ~ V 2 U 2 + V a+2 U a+2 ) 

- nJ ,i/ 2 \l/2 {V 2 U 2 - V a+2 U a+2 + V 2 U 2 ~ V a+2 U a+2 ) 
2<P + <pl 



(4.4) 



- 2^T (^2 - U a+2 U a+2 ) + ^ (V 2 V 2 - V a+2 V a+2 ) 

In order to complete the construction of the Lagrangian, we then have 
to gauge these isometries. Following our previous discussion we need N — 1 
gauge fields whose corresponding scalar fields h a ((f)) vanish at some subset 
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of the vector multiplet scalar manifold. By virtue of eq. ( |B.5| ) this condition 
is satisfied for all h ((f)), I > 1, but not for h°((p). Without loss of generality 
we then choose the gauge fields A" a — 1, . . . , N — 1, to serve as the gauge 
connections for the Killing vectors. 

The gauging of the Lagrangian proceeds analogous to the gauging in the 
minimal model. Again we start by considering the kinetic terms. As in the 
previous case, we do not gauge any isometries in the vector multiplet sector, 
so that the corresponding covariant derivative is again given by eq. ( |3.5|) . In 
the hypermultiplet sector we gauge the subgroup {/(l)-^ -1 C U(l) nv . With 
the choice of gauge connections made above, the covariant derivative in the 
hypermultiplet kinetic term becomes 

V,q x = d,q X + gA«k x (q). (4.5) 

This expression indicates that the universal hypermultiplet v x ,ui is neutral, 
while the hypermultiplet scalar field v 2 carries charge q = +1 with respect 
to all gauge fields A® ,a = 1, . . . , N — 1 and the fields v a+2 have charge 
q — — 1 with respect to only. This charge assignment then is in complete 
agreement with the microscopic description of the transition. 

Finally we construct the scalar potential ( [2.18|) of our Lagrangian. Eval- 
uating the expressions ( |2.17| ) for the particular gauging at hand we obtain 



P r = -h<*(cf>) fo( q ) , PI = - jT a (q) , K x (<t>, q ) = h<*(4>)k x (q), 

(4.6) 

with the sets k x (q) and fi r a (q) given in ( |4.1|) and ( |4.4|) , respectively. The scalar 
potential of this Lagrangian is determined by substituting these relations, the 
hypermultiplet metric ( |2.1(J| ) and the inverse vector multiplet scalar metric 
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(1B77Q into 



V(0, g) = -4P r P r + 2^P;p; + ^xy^ X i^ r • (4.7) 



This completes the construction of the Lagrangian. Let us remark that 
rewriting V(0, q) in terms of the superpotential (p. 19 ) is not helpful in this 



case as it is simpler to determine the vacuum structure and mass matrices of 
the Lagrangian in terms of the moment maps and the potential ( |4.7| ). 

4.2 Vacua and mass matrices 

We now check whether the supersymmetric vacuum structure and the mass 
matrices of the Lagrangians constructed above agree with the specifications 
coming from the microscopic theory. Determining the vacuum structure 
again utilizes the algebraic eqs. (|2.23| ) and proceeds completely analogous to 
the minimal model. Looking at the set of moment maps ( f4.4|) reveals that 
they vanish if and only if all charged hypermultiplets have the same value, 
i.e., if v 2 = ... = v N+1 = v and u 2 — ■ ■ ■ = wat+i = u. To solve the second 
condition in (|2.23|) we then have the choice to either fix v = u = 0, leading 
to the Coulomb branch 

-Mcoui ={v 2 = ... = v N+1 = , U2 = ■ ■ ■ = u N+1 = } , (4.8) 

or to set (p a = h a (<ft) = which corresponds to the Higgs branch 

-Mffiggs = {v = v 2 = ... = v N+1 , u = u 2 = ... = u N+1 , 0° = } . (4.9) 

The scalars not present in these equations are not fixed by the vacuum con- 
ditions and correspond to flat directions. We further note that the non- 
trivial value of the hypermultiplet scalars on the Higgs branch breaks the 
?7(1) JV— 1 C U{l) nv+1 spontaneously. Substituting the conditions of vanish- 
ing fi r a and K x into the potential ( J4.7|) shows that these vacua are Minkowski 
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so that we obtain the correct vacuum structure expected for a conifold tran- 
sition. 

Our next task is to calculate the mass matrices for these vacuum branches. 
We first analyze the Coulomb branch before turning to the Higgs branch. 
In the first step of determining the mass matrix (|3.13| ) we check which 



terms of the potential ( |4.7p give rise to non-zero contribution. Here the first 
observation is that for the P r , (|4.6|) , the terms P r P r and g xy P r x Py are of 
fourth order in the extra hypermultiplets. This implies that these terms do 
not contribute to the mass matrix on the Coulomb branch since they vanish 
identically when taking two derivatives with respect to any scalar field and 
restricting to A^coui afterwards. Hence the masses of our fields are solely 



generated by the last term in eq. Ql.7|). 



In the next step we show that the vector multiplet scalar fields 
massless. The matrix 



M A ^:=d A d^[^g 2 g XY K x K Y 



(4.10) 

M Co ui 



has non-trivial entries if and only if both A and £ take values in the hyper- 
multiplet sector. To see this, we expand K x = h a ((p)k x (q) and note that 
k x (q) vanishes when restricted to .Mcoui- This implies .Mae is only non- 
trivial if there is one derivative acting on each of the Killing vectors k x (q). 
Since g^ A = g XY © g xy is the direct sum of the hypermultiplet and vector 
multiplet inverse metrics, we find that non-trivial entries of the mass matrix 
( |3.13j ) may occur in the hypermultiplet sector only. This establishes that the 
vector multiplet scalars (fi x are massless. In order to determine the masses of 
the hypermultiplet scalar fields we then restrict ourselves to evaluating the 
matrix 

(4.11) 



M XY = \ ih a hS i g wz (d X k™) (dyk$) 



M C oul 
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For this purpose we first compute K Y X := h a dxk^(q). Using the basis 

q X = { v 1 , . . . , / +1 , v 1 v N+1 , u x , . . . , u N+1 u N+1 } (4.12) 
the resulting matrix is diagonal, 



with 



H = diae 



idiag [H , -H , -H , H] , 



,JV-1 



(4.13) 



(4.14) 



0,-J2h a ,h\...,h r 

Next we restrict the hypermultiplet scalar metric gxyil) to the Coulomb 
branch. We find that all blocks appearing in gxy(q) \m Co ui are diagonal: 

gvivi = 9A i 6 i2 ( 1 - UiUi (1 - vWf\ , g va +i v p+i = ^ S a+lif 3 + i , 



20+01 

0uiui = 2^ (1 - *>V) , 



5«. 



1_ Xa+1,/3+1 
■h u ' 



(4.15) 



Here and in the following + and </>_ are understood to be restricted to 
Alcoui- The matrix M.xy can now be computed from 



Mxy= -i \K g K T ] . 



(4.16) 



Explicitly, we find 



M 



XY 



(4.17) 



A 

A 

B 

£ 

with A and 5 being the following (N + 1) x (N + l)-dimensional block 
matrices: 

„_ 3 , 



£ = 



o,(X>") .(fc 1 ) 2 ,...,^- 1 ) 

o.^.m 2 m 



(4.18) 
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Finally we need to calculate the inverse metric g XY , restricted to M. 



Coul, 



by inverting gxy|x Coul given in ( 4.15|) . The only non-zero components of 

9 xy \m CO vi are s iven b y 

g^ 1 = 2 <f>\ <j>_ , g v^v^ = 20 +< J«+i.^+i ; 

=2 ±=.fi- u x u x (1 - v V) 2 ) , g va+iu 0+1 = 2( f)_ ^+1-/3+1 ; 
g^ =20 + 0_ (^z; 1 ) . 

(4.19) 

The hypermultiplet masses are given by the eigenvalues of the mass ma- 
trix 

M x Y = g xz M ZY \ . (4.20) 

1 ^ vl Coul 

Explicitly we find the masses for the universal hypermultiplet v x ,U\, the 
hypermultiplet v 2 ,U2 arising from the wrapped cycle C*- 1 -* = — Y^,a=i C^ a+1 ^ 
and the other hypermultiplets v a+2 ,u a+ 2 associated with the cycles C^ a+1 \ 
a = 1, . . . , iV — 1, of volume h a to be 

3 . [3 



m 1 = 0, m 2 = ^-g^h a , and m a+2 = y -gh a , (4.21) 

~" a=l " 

respectively. These masses are in complete agreement with the microscopic 
theory, which demands that the mass of the hypermultiplets is proportional to 
the volume of the cycle wrapped by the corresponding M2-brane. Comparing 
these masses to the BPS mass formula ( |2.33| ) fixes g to the value ( |3.17| ). This 
input pins down the remaining freedom of the extended LEEA in terms of 
the microscopic data. 

Let us now turn to the Higgs branch. Here we do not have a prediction for 
the masses of the massive states in terms of the microscopic description. But 
since the data on the Coulomb branch together with the charge assignment 
( |4.1| ) completely determines the Lagrangian, we can use our model to predict 
the masses on this branch. 
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We again begin our calculation by investigating which terms of the poten- 



tial (|4.7 ) contribute to the mass matrix on the Higgs branch. The first term 
proportional to P r P r is of second order in both <j) a and jl r a which both vanish 
when restricted to the Higgs branch. Hence all its second derivatives vanish 
when restricted to M. Hi ggs and there is no contribution to the mass matrix. 
The second term, 2g xy P£Py, has orders zero and two in (fi a and fi r al respec- 
tively. This indicates that this term is of relevance for the hypermultiplet 
mass matrix, as the only non-vanishing second derivative terms (restricted to 
-Mffiggs) are obtained when one derivative with respect to a hypermultiplet 
scalar acts on each of the moment maps. Finally the third term is of second 
order in </) a while the Killing vectors do not vanish on M. Higgs- There- 
fore this term gives rise to the vector multiplet scalar masses, as we have to 
take two derivatives with respect to the vector multiplet scalars to have a 
non- vanishing expression when restricting to *M Higgs- 



The analysis of the supersymmetry representations |37j and the explicit 
example of our minimal Lagrangian show that the massive modes on this 
branch combine into massive long vector multiplets composed of one vector 
and one hypermultiplet of the same mass. In order to determine this mass it 
suffices to compute the vector multiplet scalar masses arising from the third 
term in the potential. 

We start by evaluating 

3 



M xy = - g 2 g XY (d x h<*(<f>) fcf ) (d y hPtf) fcj) 



(4.22) 

Mfflggs 



To this end we first calculate the (ny) x 4(iV + l) dimensional matrix K x x := 
d x h a ((j)) ■ Taking the basis ( |4.12| ) for the hypermultiplets and using the 
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definition ( |B.5| ) for we find 



-iv 2 Q iv 2 Q iu 2 Q —iu 2 Q 


where Q denotes the (TV — 1) x (TV + 1) matrix 24 



(4.23) 



Q 



-1 



-1 



1 



(iV-l)x(JV-l) 



(4.24) 



and '0' is short for the (ny — TV + 1) x (TV + 1) dimensional zero matrix. 



It is then straightforward to calculate Ai xy = §g 2 [-ft'g.fr' 1 ] 



to 



be 

^ = 3g 2 (/i ) 2 dia g [n, o; 

Here II denotes the (TV — 1) x (TV — 1) matrix 



(4.25) 



n = \v\ 2 Qg vd Q T + \u\ 2 Qg u uQ T - vu Qg Uv Q T - uv Qg u ,Q T , (4.26) 

where v, u are the values of the hypermultiplet scalars on the Higgs branch 
and gvv, gnu, gm and g U y denote the block matrices appearing in the hyper- 
multiplet scalar metric gxyil)- Introducing M := QgQ T with g representing 
the blocks of gxY(q) we find that there is a simple relation between the com- 
ponents of M and g 



™ a fi — 922 - 9{a+2)2 - 92(13+2) + 9{a+2)(f3+2) 



(4.27) 



Evaluating this expression on M. Higgs , we find M = if g = g uS or g — 
while for g = g v „ and g = g uil we obtain 



1 



2<j>, 



1 + Sap) an d m 



1 



a/3 



2</>_ 



[1 + 6, 



a/3) , 



(4.28) 



24 This matrix is the charge matrix of the N + 1 hypermultiplets with respect to the 
gauge connections A^. 
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respectively. This allows us to write down M. xy explicitly. Its non-zero 
components read 

Ma, = I g 2 (Z* ) 2 (J- \v\ 2 + j- M 2 ) (1 + M . (4.29) 

The mass matrix M. x y for the vector multiplet scalars is obtained by 
raising one index of Ai X y using the inverse vector multiplet scalar metric 
restricted to the Higgs branch (P-8| ). Defining 

(-m ggs ) 2 := g 2 (V) 2 - I f>*) 2 ) (^>| 2 + ±- |-| 2 ) , (4.30) 
where <p + and 0_ are understood to be restricted to -Mmggs, we find 

M x y = (m ffiggs ) 2 diag [M% , 0] , (4.31) 

with M a p = 1 + 8 a p . 

This result shows that all 'spectator vector multiplets' h a ,a = N, . . . ,ny, 
which do not serve as a gauge connection for the isometries remain massless. 
Determining the eigenvalues of A4% shows that the vector multiplet scalars 
cj) a acquire two different masses. One scalar has mass (iV) 1 / 2 mHi ggs while the 
remaining N — 2 scalars have degenerate mass mHi ggs - Here it is interesting 
to observe that, in the presence of spectator vector multiplets, the mass 
of these states depends on both the vector and hypermultiplet degrees of 
freedom. This points at the non-BPS nature of the corresponding long vector 
multiplets. We also observe that in the absence of spectator vector multiplets 
and for N = 2 the general formula ( 4.31 ) agrees with the results obtained 



for the minimal Lagrangian of the previous subsection. 

In terms of CY compactifications, these general Lagrangians have the 
following interpretation. On the Coulomb branch, associated with the CY 
compactification on X, we have ny vector and one hypermultiplet which are 
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generically massless. At the conifold locus one obtains N additional mass- 
less hypermultiplets. When going to the Higgs branch arising from the CY 
compactification on X, N — 1 charged hypermultiplets are 'eaten up' by the 
massive vector multiplets to form long vector multiplets. We are then left 
with ny — (N — 1) vector and two hypermultiplets which are generically 
massless. This establishes that our extended LEEA indeed provides a con- 
tinuous description of a conifold transition where the Hodge numbers change 
by h}> l (X) = h^ l (X) - (N - 1) and hh 2 {X) = h^ 2 (X) + 1, while the Euler 
number changes by Xe(X) = xe{X) — 2N. In particular, this class includes 
the conifold transition of the quintic studied in where the Hodge num- 

bers of X and X are given by h^\X) = 102, h l *(X) = and h l '\X) = 87, 
h 1 ' 2 ^) = 1. 

5 Conclusions 

In this paper we have constructed gauged supergravity actions which model 
the LEEA of M-theory compactified on a CY threefold undergoing a conifold 
transition. These actions explicitly include the extra states descending from 
wrapped M2-branes and have a non-trivial scalar potential with a Coulomb 
and a Higgs branch. While their vector multiplet sector was determined ex- 
actly, we made a particular choice for the hypermultiplet scalar metrics in 
order to obtain explicit actions. In a companion paper |T5| we use these ac- 
tions to investigate the M-theory physics of conifold transitions, in particular 
the dynamical realization of conifold transitions and the moduli dynamics in 
cosmological solutions. 

Since the explicit actions constructed in this paper only cover the case 
where an arbitrary number of two-cycles satisfying r = 1 homology relations 
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are contracted, more work has to be done to extend our construction to the 
case of general r. Ultimately one would of course like to derive the metrics 
on the scalar manifolds from M-theory. Presumably, the exact effective ac- 
tion S is determined by combining geometrical data of the singular space 
X with data involving the M2-branes wrapping the vanishing cycles. The 
extended LEEA found in this paper suggest that this combined set of data 
is meaningful and in some sense smooth. 

To explain what we mean let us elaborate on the discussion of the relation 



between threshold corrections and geometry in |jT^| . Recall that the vector 
multiplet sector can be treated exactly 25 and assigns coefficients Cijk, Cijk, 
Cjjk to the spaces X, X, X. Since Cuk,Cjj K are the triple intersection 
numbers of X and X, we expect that Cijk can be interpreted as triple 
intersection numbers of the singular space X. Also note that the combined 
web of moduli spaces of CY manifolds X, X related by conifold transitions 
is not a manifold, but only a stratification, because its dimension jumps at 
the transition point. We can, however, construct the extended LEEA X, 
associated with the geometrical quantities of the singular space X to obtain 
a smooth description of the physics at the transition locus where the actions 
S and S are discontinuous. Thus it seems that M-theory implicitly gives us 
a prescription of how to resolve the intersection points of the web of moduli 
spaces, and how to assign regular data to the corresponding singular spaces. 
This observation is not restricted to conifold transitions, but also applies to 



flop transitions as well as extremal transition [[y| which involve non-Abelian 
gauge symmetry enhancement. It would be very interesting to make these 
ideas mathematically precise. 



25 In Section 4 we restricted the vector multiplet manifold to be of a special type, but 
only in order to be able to compute the mass matrix explicitly. 
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Another possible extension of our work is to consider the four-dimensional 
LEEA of type II string theories on CY threefolds. While essentially nothing 
changes in the hypermultiplet sector, the vector multiplet sector gets more 
complicated, because it is now governed by a holomorphic prepotential, in- 
stead of a real cubic one. Moreover, the threshold corrections of the vector 
multiplet couplings resulting from integrating out charged multiplets show a 
different behavior in five and in four dimensions. As we have seen in Sec- 
tion 2, the five- dimensional threshold correction only induce discontinuities 
in the third derivatives of the prepotential. In four dimensions, however, sec- 
ond derivatives of the prepotential (gauge couplings) become logarithmically 
divergent as a function of the modulus controlling the distance to the coni- 
fold point [0, while its third derivatives (the 'Yukawa couplings') have a first 
order pole. However, we expect that it is possible to handle these threshold 



corrections along the lines of []13|| , where it was shown that one can 'integrate 
in' four-dimensional vector multiplets. It would be interesting to extend this 
work to the case where one also integrates in hypermultiplets. Furthermore, 
conifold transitions are special cases of extremal transitions ||40|| . In the full 
class one also finds transitions where one does not have isolated singular 
points, but curves of singularities. This leads to extra massless charged vec- 
tor multiplets, and, hence, to the un-Higgsing of non-Abelian gauge groups, 
which could also be phenomenologically interesting. 

Another line of research extending the present setup would be the inclu- 
sion of background fluxes. Fluxes could in particular lift the still existing 
flat directions and break the still existing supersymmetry spontaneously. A 
particular interesting idea is that the interplay between flux and vanishing 
cycles can generate a hierarchically small scale, and thus might help to solve 
the gauge hierarchy and the cosmological constant problem f4lf . It is also 
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known that when fluxes a turned on, the remaining vacua prefer to sit at 
special points in moduli space, such as conifold points 0, |42| . Such points 
could be investigated by including fluxes into our framework. 

Also note that the deformed and the resolved conifold geometry can be 



obtained, at least locally, as solutions of gauged supergravity theories [43 



where the gauging results from wrapping branes on cycles or switching on 
background fluxes. These gaugings are different from those considered in this 
paper: they do not correspond to integrating in charged multiplets, they are 
non-compact rather than compact, they lift directions in scalar field space, 
which in our setup are necessarily flat, and they can break supersymmetry 
spontaneously. This reflects the different roles played by branes: while in 
}43|1 branes (or the flux they resolve into) are part of the background, we 



have included certain light brane degrees of freedom as dynamical degrees of 
freedom into the Lagrangian. It would be interesting to better understand 
the relation between these complementary setups. 

Finally, we would like to step outside the framework of type II CY com- 
pactifications (and their deformations by fluxes) and investigate topological 
phase transitions in genuine Af = 1 compactifications such as CY compacti- 
fications of type I and heterotic strings, heterotic M-theory, type II CY ori- 
entifolds and M-theory compactifications on sevenfolds with G 2 structure. 26 
Here topological phase transitions, for example conifold transitions and small 
instanton transitions, can change the chiral matter content [fI5| . Part of the 
LEEA technology applies to these cases as well. In particular the computa- 
tion of threshold corrections resulting from integrating out states is straight- 
forward, at least at the one loop level, see for example [4"6 |. Of course, when 
26 See for example jt|| for a recent review of the role of singularities and topology change 
in G2 compactifications of M-theory. 
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considering LEEA with M = 1 supersymmetry one seems to loose the pow- 
erful tool of special geometry. However, there are indications that in string 
compactifications some features of special geometry survive, so that at least 
holomorphic quantities are accessible [f|7] . 
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A Vector multiplet sector I: one multiplet 

The simplest extended LEEA describing a conifold transition contains two 
charged hypermultiplets and was constructed in Section 4. The vector multi- 
plet sector of this action consists of a single vector multiplet. For convenience 
we collect all the relevant properties of this sector in this appendix. 



Following PHI, the prepotential (|2.3[) of the most general one vector mul- 



tiplet scalar manifold can be brought to the standard form 

V=(h°) 3 -^h°(h 1 ) 2 + c(h 1 ) 3 = l, (A.l) 
where c denotes an arbitrary real constant. The value c = — -j= corresponds 



to the manifold 0(1, 1) considered in |23| while the prepotential 



V = -U 3 + -UT 2 = 1, (A.2) 
8 2 



which arises from Calabi-Yau compactifications on T 2 x K3 [f49|, [5(J can be 
mapped to the case |c| > 4=. 
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The metric coupling the vector field kinetic terms is obtained from eq. 
EOp and reads 

aoo floi 
aio an 



(A.3) 



with entries 



-2*° + 3 (W-^ 1 ) 2 ) 2 , 



3/1 1 



(2(/ i °) 2 -(/i 1 ) 2 ) (^-c/i 1 ) 



(A.4) 



a n = /i°-2c/i 1 + 3 (/i°/i 1 -c(/i 1 ) 2 ) 2 



Observe that at h = 1, /i 1 = 0, which we interprete as a conifold point in 
Section 3, this becomes the two-by-two unit matrix. Hence the two vector 
field kinetic terms decouple and have standard normalization at this point. 

To fully specify the action, we also need a parameterization of the vec- 
tor multiplet scalar manifold. Here it is convenient to introduce the vector 
multiplet scalar field 4> as coordinate 



h° 



(A.5) 



Solving this relation for h 1 and substituting the resulting expression into the 
prepotential ( |A.1| ), it is straightforward to calculate h 1 (</>) introduced in eq. 



h°(<f>) 



, 3 



-1/3 



, / l 1 (0) = 0(l--0 2 + C 3 



-1/3 



. (A.6) 



The vector multiplet scalar manifold ( |2.6| ) is then given by 

3(2-4c0 + 2 ) 



9xy 



\2 ■ 



(A.7) 



(2-30 2 + 2c0 3 ) 

At the conifold point h 1 ^) = «-> = this metric is regular g xy \^ = o = 
|. The coordinate range of 4> is bounded by the values (jf^ 1 and 0™\ at 
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which the metric becomes zero or infinite. For |c| < ^= the metric diverges 
at both (jf2 y% and 0™* while for |c| > -j= we encounter one zero and one infinity 
bounding the coordinate range of (p. For the special case c = considered in 
T5| we have (jf^ = ± ■y/l implying the corresponding vector multiplet scalar 

. Note that even though the 



2 2 
3' V 3 



manifold is given by the interval 
coordinate length of this interval is finite, the boundaries 0™* are at infinite 
geodesic distance from the origin. 



B Vector multiplet sector II: ny multiplets 



The construction of the extended LEEA describing a general conifold transi- 
tion in Section 4 required specifying an explicit vector multiplet sector con- 
taining ny vector multiplets. In this appendix we derive the properties of the 
vector fields and vector multiplet scalar metrics needed in this construction. 
The calculation is analogous to the one vector multiplet case considered in 
Appendix [A], but due to the increased number of vector multiplets somewhat 
more involved. 

We start by specifying the prepotential ( p.3|) to be 



nv 



:b.d 



2 = 1 



where x,y, z = 1, . . . , ny counts the vector multiplets. The prepotential is 
again given in the standard form PS| , but is not the most general one, as we 



have chosen C xyz = in order to keep the calculation manageable. 

The metric coupling the kinetic terms of the vector fields is obtained from 
eq. O 



(B.2) 
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with the entries being 

a 00 = -2h° + 3 ( (h ^ 2 



ny \ ; 

n v \ 

z=l / 



2 

a 0x = h x -3h°h x I (h ) 2 -- > \h z f 1 , (B.3) 



a 



/i°^ + 3(/i°) 2 /i a; ft» 



In order to have an explicit parameterization of the vector multiplet scalar 
manifold we introduce homogeneous coordinates 

X = — , x = l,...,n v . (B.4) 

Solving these relations for h x and substituting the resulting expressions into 
the prepotential ( |B.1|) the h 1 become functions of the vector multiplet scalars 

/ q ^ \ -1/3 / O n V \ -1/3 

h°(<t>) = (i-± E(^) 2 > h 'M = <? I 1 - \ 5> 2 ) 2 • ( R5 ) 

^ z=l ' ^ z=l ' 

These relations are used to calculate the components of the vector multiplet 

<^=<( _ (B.6) 

tor x ^ y . 



scalar metric (2.6) 



In order to find the mass matrix on the Higgs branch we further need the 
inverse vector multiplet scalar metric g xy whose components are given by 

xy= , 3l i +2 ^ =1 (0)j 

3(i+| E^) 2 ) ' rorx^y. 
The vacuum conditions on the Higgs branch generically fix a subset 
, a = 1, . . . , N — r < ny, to be zero (cf. eq. ( |4.9p for the case r = 1). 
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By virtue of the relation ( |B.5| ) this corresponds to the h a parameterizing the 
volume of the contracting cycles being zero. Restricting g xy given above to 
4> a = 0, the resulting expression becomes block diagonal 



9 



\<f> a =0 



(it(N-r)x(N-r) 

9 



:b.8) 



where 

a ■= | ( 1 - 1 E > ( B - 9 ) 

\ o-=m+l / 

and g is to be understood as g aicr2 \^a =0 with <J\,oi = N — r + 1, . . . ,ny. 
This data completely determines the vector multiplet sector of the conifold 
model discussed in Section 4 and enables us to explicitly calculate the vector 
multiplet scalar masses on the Higgs branch. 



C An explicit conifold transition 

In this appendix, we give the complete geometrical data for a particular pair 
of CY manifolds X and X which are related by a conifold transition. The 
discussion follows || where further details can be found. 

Our sample CY manifolds X, X are so-called complete intersecting Calabi- 
Yau manifolds (CICY) |]5T], EL These are special in the sense that they can 
be obtained as complex submanifolds of an embedding space x which is given 
as the product of m complex projective spaces P" r , r — 1, . . . , m, 

X = P? 1 x...xP£». (C.l) 

The submanifold is defined by the intersection of the zero loci of K polyno- 
mials, which are homogeneous with respect to the coordinates of the different 
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P^"-factors. Generally CICY are characterized by a configuration matrix 



M e 



n 



q 



n r . 



Qk 



(C.2) 



with the n r being the dimension of P" r in ( |(J.1[ ) and the integers q r a} a = 
1, . . . , K denoting the degree of the K-t\\ constraint polynomial with respect 
to the homogeneous coordinates of P" r . 

Introducing J r as the Kahler form of P" r the Euler characteristic of the 
manifold M. can be computed by evaluating the relation || 

K / m \ m 

■II [J2^ J r )=■■■ + MM) -JlVrT (C-3) 



nr=i(i+^ +1 



n£=l(l + E^9£Jr 



r=l 



a=l \r=l 

by expanding the LHS in J r and evaluating the coefficient of the term 

nr=iW 

As a concrete example we consider the families of CY X and X given by 
the configurations 



x e 











2 


5 


4 


1 


1 




1 





1 


1 


-168 



X G 



4 2 



-176 



(C.4) 



Here the subscript denotes the Euler number xe of the configuration com- 
puted from eq. ( |C.3| ) while the superscript gives its Hodge number h 1 * 1 which 
is taken from ||. 

For the configuration X the embedding space is x = Pf x Pg. Taking the 
homogeneous coordinates on x an d Pf x P}, to be x a , a = 1, . . . , 6 and y*, 
(3 = 1,2 the three constraint polynomials can be written as 



Q(x) = 0, y 1 x 1 + y 2 x 2 



IS 2 4 

y x + y x 



(C.5) 
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where Q(x) denotes some quadric polynomial in the coordinates x a . Ex- 
plicitly, we will use Q(x) = Xla=i( a;a ) 4 f° r which ( |C.5|) becomes a set of 
transverse polynomials. Let us now consider the last two constraint equa- 
tions in ( |C.5| ). As y 1 and y 2 are homogeneous coordinates in P2, they cannot 
vanish simultaneously. Satisfying these equations then requires that the de- 
terminant 

C{x) = x 1 x 4 -x 2 x 3 = (C.6) 

vanishes. This constraint has a double zero at the points 
x 4 = indicating that the gradient vanishes at these points, dC(x) = 0. This 
shows that if we shrink the radius of the P\ in x — Pf x P2 i* 1 (EH) ^° zero 
we obtain a singular CY space X. Substituting x 1 = x 2 = x 3 = x 4 = into 
the first constraint Q(x) = 

6 

Q(x) = ]T(x Q ) 4 , (0,0,0,0,^,1) (C7) 



a=l 



we find that X develops four isolated nodes corresponding to the four solu- 
tions of us 4 = — 1. Hence, by shrinking the P<j, we obtain a singular CY X 
where N = 4 holomorphic curves have collapsed to points. 

These nodes can be smoothed by adding a quadratic polynomial t-r(x) to 
( |C.6| ) which does not vanish at the nodes of X. The corresponding desingu- 
larized CY manifold is given by the zero locus of the quadric and quadratic 
polynomials 

Q(x) = , C(x) + t r(x) = , (C.8) 
in the embedding space x = Pf, corresponding to the configuration X in 

flop. 27 

27 In the mathematical language X and X are said to be related by a operation called 
determinant splitting which connects all CICY |TJ . 
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From the discussion above, we see that the moduli spaces of X and X 
share some common points where X and X develop nodes. The difference 
in the Euler characteristics (|U.4| ) indicates that the topological transition 
connecting X and X has to be a conifold transition. Substituting the Hodge 
numbers h l,1 (X) = 2 and h 1 ' (X) = 1 into the relation ( |2.32|) we obtain, 
that the N = 4 contracting curves C» (which are in the same homology class) 
satisfy r = 3 homology relations. Hence the configurations ( |U.4| ) are related 
by a conifold transition with N = 4, r = 3. Since mirror symmetry exchanges 
the roles of even- dimensional and odd-dimensional cycles, and of Kahler and 
complex structure moduli, the corresponding mirror manifolds are related by 
a conifold transition with N = 4, r = 1. 

Our particular example further has the advantage that it is fairly sim- 
ple to calculate the triple intersection numbers Cjjk of the configurations 
(|C.4|) . In this context we note that the Lefschetz hyperplane theorem (see 
|| for details) applies to X, X. This guarantees that the i/ 1,1 -cohomology 
is generated by the pullback of the Kahler forms J r of the P™ r . The Kahler 
form J r G iJ 1 ' 1 (P" r ) may then be represented by adding a linear constraint 
on P" r to the configuration which is independent of the other coordinates in 
the other factors in x- h- 1 fact, it can be seen from eq. ( |C.3| ) that adding a 
linear constraint to a configuration ( p.2|) results in an additional factor J r to 
the LHS product in ( |C.3| ), so that the triple intersection numbers 28 



„ k / m \ 

/ JrJsJtAH 5>^Jr 
J X a =l \r=l J 



C rst = J r J s Jt= I JrJsJtA\\\y X J r\ ( C - 9 ) 

JM 

can be obtained by adding three linear constraints to the configuration matrix 

( C.2|) and then evaluating (p.3f) for this extended configuration. For the 

28 Note that the factor n_ =1 la Jr) works like a delta function, restricting the 

integration on the embedding space \ to the submanifold M.. 
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particular configuration X we represent the constraints corresponding to J\ 
and J 2 by 



Xn :-. 



1 




X l := 




1 



(CIO) 



respectively. For X the constraint Xi drops out as this constraint is associ- 
ated with the factor ¥\ which vanishes on X. 

Thus the Cjjk of the configurations X and X are then be computed as 



Cijk = Xe x q X T Xj X K ] 



(C.11) 



Explicitly, we find 



Cooo — 8 i C001 — 4 , Con — , Cm — , 
Cooo — 8 • 

This implies that the prepotentials of X and X are given by 

V = 8 (h ) 3 + 12 (h ) 2 (h 1 ) = 1 , and 

V = 8{h°) 3 = l, 



(C.12) 



(C.13) 
(C.14) 



respectively. Here we see that V and V are indeed related by the truncation 
rule given in Subsection 2.3 which, in the case at hand corresponds to setting 
the volume of the shrinking cycle, h 1 , to zero. 
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